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Abstract 

Let fc be a perfect field of characteristic p, let fi : Xi ^ Aj. (i = 1,2) be two fc-morphism of 
finite type, and let / : Xi Xk X2 —i- be the morphism defined by /(21,22) = /1(21) + /2(22). 
For each i £ {1,2}, let Xi be a fc-rational point in the fiber /~^(0) such that f i is smooth on 
Xi — {xi}. Using the ^-adic Fourier transformation and the stationary phase principle of Laumon, 
we prove that the vanishing cycle of / at a; = {xi,X2) is the convolution product of the vanishing 
cycles of f i ai Xi {i — 1,2). 

Key words: vanishing cycle, nearby cycle, local Fourier transformation, perverse sheaf. 
Mathematics Subject Classification: 14F20. 

Introduction 

Let fi : (C"',0) — > (C, 0) (i — 1,2) be two germs of analytic functions with isolated critical points, 
and consider the germ / : (C"l+"^0) ^ (C, 0) defined by /(21,22) = /i(zi) + /2(^2). The classical 
Thom-Sebastiani Theorem (15 ) statcs that the monodromy of / on the vanishing cycle is isomorphic 
to the tensor product of those of /1 and /2. Deligne ([T], unpublished) studies the variation of the 
monodromy, and realizes that the tensor product in the Thom-Sebastiani theorem should be the 
convolution product. Using the Fourier transformation, the formula 



I '-"'J '"i 



and the asymptotic expansions of such integrals for t — 00, Varchenko ([10') proves a Thom-Sebastiani 
Theorem for the Hodge spectrum. In this paper, using the £-adic Fourier transformation, we prove a 
Thom-Sebastiani theorem in characteristic p. 

Throughout this paper, fc is a perfect field of characteristic p, £ is a prime number distinct from p, 
and S' is a henselian trait of equal characteristic p with generic point 77 and special point s such that 
fc(s) = k. Let X S he a morphism of finite type, and let K be an object in the category D^{X, Qg) 
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am especially thankful for P. Deligne who madc many suggestions and comments on earlier versions of this paper. The 
research is supported by the NSFC (10525107, 10921061) and 973 (2011CB935904). 
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constructed in [2, 1.1]. We refer the reader to ^ for the definitions and properties of the nearby cycle 
i?\l/(i4r) and the vanishing cycle R^{K). 

Lemma 0.1. Let X S be a morphism of finite type, let x be a k-rational point in the special fiber 
Xs, and let K G ohD^{X,Q£). Suppose X — {x} S is smooth and J^'^{K)\x-{x} are lisse for all 

(u) Suppose furthermore that X is pure of dimension n and regular at x, and K is a lisse sheaf. 
Then R''^{K) vanishes for i ^ n ~ 1, and RJ^~^<^{K) is a skyscraper sheaf on Xg supported at x. 

Proof. (i) foUows from the smooth base change theorem. Under the assumption of (ii), K[n] is 
a perverse sheaf on X. By [T) 4.6], i?$(iir[n])[— 1] is perverse. Combined with (i), we see that 
R'^{K[n])[—l\ is a perverse sheaf on Xs supported at x. Our assertion follows. □ 

Let AJ(j^ be the hensehzation of K\ at O, let Tyo be its generic point, and let j : rjo ^ Aj^^^ be the 
canonical open immersion. We can identify a Gal(7yo/?/o)-module with a sheaf on 770- Let (A^ XfeA^)(Q p) 
be the hensehzation of A^ Xk Aj. at (0,0), and let 

pi,P2,a: (A^ x/cA^.)(o,o) A^g) 

be the morphisms induced by the two projections pi,p2 : A^ Xfe A^ ^ A^ and the addition a : A^ Xk 
Aj. — > A^ of the algebraic group A^, respectively. Let Vi and V2 be Q£-representations of Gal(^o/'7o)j 
and regard thcm as sheaves on 770. By [51 2.7.1.3], the vanishing cycle R^rfg{Pij\Vi <E)^ P2ji.V2) relative 
to the morphism d is nonzero only at (O, 0) and at degree 1. We define the convolution product of Vi 
and V2 to be the Gal(f7o/??o)-niodule 

Vi*V2 = R^<S>„„{P*lJ\Vi ®P*2]\V2)(0^a). 

More generally, if Vi and V2 are objects in 1)^(770, Q£), we define their convolution product to be 

Vi*V2= i?*„o(pJj,Vi ®^ P2J!^2)(0,0) 

Our main result is the foUowing: 

Theorem 0.2. Let f i : Xi — > A^. (i = 1,2) be two k-morphisms of finite type, Ki <E ob Q^), 
X — Xi Xs X2, K = Ki K2, and f : X = Xi x k X2 ^ Al the morphism defined by 

f{zi,Z2) = /1(2:1) + /2(22). 
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For each i e {1, 2}, let Xi be a k-rational point in the fiber ff^{0)- Suppose M"'{Ki)\xi-{xi} o,re lisse 
for all q and fi\xi-{xi} smooth. Denote by x the k-rational point {xi,x2) on X. Denote respectively 
by R^x and R^Xi the vanishing cycle functors relative to the m,orphisms 

obtained from f and f i by base change. 

(i) X is the only point in /"^(0) where f is not smooth. As objects in D^{r]o,Qc)' '^'^^^ 
canonical isomorphism 

(ii) Suppose furthermore that for each i, Xi is regular Xi and Ki is a lisse sheaf. Let Ui = 
dhn&Xi,xi, and let n = ni + n^- Then X is regular at x, and as Gal{fjo/r]o)-modules, we have a 
canonical isomorphism 

The Artin-Schreier morphism 

A^^-A^, t^t^-t 

is a Z/f)-torsor. Fix a nontrivial additive character : Z/p Pushing-forward the Artin-Schreier 

torsor using we get a Usse sheaf on Aj.. Denote the inverse image of under the morphism 

AlxkAl^Al {t,t')^tt' 

by ^^{tt'). Let Aj. X/5 Aj. ^ A^ XfcP^ be the open immersion defined by the canonical open immersion 
Al=Fl- {oo'} M- P^. Denote by ^^(tt') the sheaf on A^ Xfc obtained from the sheaf ^^{tt') 
on Aj^ Xfe Aj^ by extension by zero. To distinguish the two factors in Aj^ Xfe Aj^ and in Aj. Xi; Pj^, 
we denote objects related to the second factor by symbols with the supcript '. Denote by ^l^o') 
hensehzation of Pj, at oo', denote by r/oo' its generic point, and denote the restriction of ^^{tt') to 
Ajp-) Xk IP(oo') ^1^° ^^{tt'). Fix a uniformizer n of S'. We have a fc-morphism S ^ Aj, induced by 
the A;-homomorphism 

k[t] -i> r(S', &s), t ^ 77. 

It induces a fc-morphism S — > Aj^j which we denote also by w. Denote by ^^{wt') the inverse image 
of Ji'^{tt') under the morphism 

5x,pi^,) 4°°'' Ajo)XfcPi^,). 
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Our proof of Theorem 10.21 relies on the following lemma: 

Lemma 0.3. Let g : Y ^ S be a morphism of finite type, let K G oh D\{Y,Q^(), and let y be a 
k-rational point in the special fiber g^^{s). Suppose g\Y~{y] smooth, and Jif'^{K)\Y-{y} are lisse 
for all q. 

(i) R^y^^,{plj\{R^Y{.K)y)(g>^^^{nt')^ is supported at{s,x>'), and R^,^^,{y>t:IK (^'^ {g xidf,i ^^)*^^{'Kt') 
is supported at (y, oo'), where R^y denotes the vanishing cycle functor for the morphism g, R^Y{K)y 

is a complei of G&\{fj/rj)-module and is regarded as an object on D'^{ri,Qf), j : rj ^ S is the canonical 
open immersion, R^tj^, denotes the vanishing cycle functors for the projections 

and pi , pvi are the projections 

Pi: S XkFl^,)^ S, pri :y XfeP[^,) -^F. 

(ii) We have a canonical isomorphism 

R<^r,^, (plj,XR^Y{K)y) 0^ ^^{nt')) ?^i?$„^,fprji^®^(.gxidpi )*^po) 

\ / (S,00') \ (oo') / (y^CKD') 

(m) Suppose furthermore that Y is pure of dimension n and regular at y, and K is a lisse 



sheaf. Then R'^r^^, (p^lK (g)^ {g x idpi )*^^(7rt')^ vanishes for i ^ n, and (^pr* 



K 



{g X idpi ^ )*J^'ff,{7Tt')j is a skyscraper sheaf on Y X/j c»' supported at (y, oo'). 

(iv) Under the condition of (iii), we have a canonical isomorphism of Gal{fiooi /rjoo')-modules 



where ) is the local Fourier transformation defined by Laumon (JF, 2.4-2.3]) 



{y,co') 



We will prove Lemma [0.31 in §1. Let's deduce Theorem 10.21 from Lemma [0.31 and the Kiinneth 
formula for nearby cycles in [TJ 4.7]. 

Proof of Theorem \0.2\ It is not haid to check that x is the only point in /~^(0) where / is not smooth, 
and X is regular at x if Xi are regular at Xi. By [3, 1.3.1], we have a canonical isomorphism 



(/i X idpi)*if^(tt') (/2 X idpi)*^^(tt') ^ (/ X idpi)*^^(tt')- 

So we have 

(^W*x,Ki ®^ (/1 X idpi)*if^(tt')) {w*x^K2 ®^ (/2 X idpi)*if^(tt')) = W*xK®'' (/ x idpi 



where 

pr^ :Xi XfeX2 XfcPi, XfeX2, pr^^ : Xi Xfe ^ Xi, pr^^ : ^3 x ^ P^, ^ ^2 

are the projections. By fTj 4.7], we have a canonical isomorphism 

m^^, {pT*x^Ki ®^ (/1 X idpi)*i^^(tt')) (prx,^2 (/2 X id,i)*if^(tt')) 

= i?*^^, [pT*xK (^^ (/ X idpi)*^^(tt')) • 



Since w*xK (/ ^ idpi vanishes on X Xfe cx)', we have 

and we have similar isomorphisnis if we replace / by f i and p^'^K by pix.Ki- So we have a canonical 
isomorphism 

R%^, (pr^^i^i ®^ (/1 X idpi)*if^(tt')) ^^r,^, (prx.^2 ®^ (/2 x idpi)*^^(tt') 
^ (pr3f ®^ (/ X idpi)*if^(tt')) • 



Combincd with Lemma 10.31 (i), we get 

i?*,^, (prxi^i ®^ (/1 X idpi)*^(ttO) ®^ m,,^, (pr'x,K2 ®^ (/2 x idr.)*^^) 

^ R%^, (w*xK ®^ (/ X id,i)*^^(tt')) 

\ ^ / (2;, 00') 

By Lemma 10.31 (ii). this induces a canonical isomorphism 

\ / (0,00') \ / (0,00') 

\ / (0,00') 

and under the assumption of Theorem 10.21 (ii) . we get a canonical isomorphism 

By [Hl 2.7.2.2 (i)] and the inversion formula for local Fourier transformation 8, 2.4.3 (i) c)], under the 
assumption of Theorem 10.21 (ii) , we have a canonical isomorphism 



oo') 



The argument in the proof of various results in [8] also shows that in general we have a canonical 
isomorphism 

mx^{Kl).,, * mx2iK2)x2 = R^xiK)^. 
We give a detailed argument for completeness. Choose L,Li,L2 G ob£'^(A^. — {O},!!^^) such that 

and such that Jif'^{L), Jff'^{Li), J^''(L2) are hsse on — {0} and tamely ramified at oo for all q. 
Let 

be the Fourier-Dehgne transformation (confer [5, 1.2.1.1]), and let i : — {0} ^ A^, be the canonical 
open immersion. By [5J 2.3.3.1 (iii), 2.4.3 (iii) b)], we have 

V / (0,oo') 

\ / (0,oo') 

^{i,L2)hi]\^^, = m^^,(p:j,xmxAK2)x2)(^''^^) 

\ / (0,oo') 

So we can write the isomorphism ([T]) as 

(^(tiLi) ® .^iuL2))[-2]\^^, = ^(t,L)[-l]|^^,. 
By [51 1.2.2.7], we get the isomorphism 

where uLi * l\L2 is the (global) convolution product of l\Li and l\L2 (confer [S", 1.2.2.6]). By the 
above isomorphism and Lcmma 10.41 below. we have 

where R^r]o denotes the vanishing cycle functor on A|gj. By [8, 2.7.1.1 (iii)], this last isomorphism is 
exactly 

R<i>x^iKi)^, ^ mxAK2)x2 ^ mxiK),. 

□ 

Lemma 0.4. Let Li, L2 e oh D^'^iAlMe)- //^(ii)U^, 9i^{L2)U^,, then R^^Li) ^ R%^{L2). 
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Proof. Let L G obZ?^(A^.Q£) and let L' = ^{L). By the inversion formula for the Fourier-Deligne 
transformatfon [51 1.2.2.1], we have 

^'{L') = fe,i(-l), 

where 6 : — ;> is the morphism defined by i H> —t, and denote the Fourier-Deligne transfor- 
mation for the dual of A^ (which is the second factor of A^. Xfe A^). So we have 

R%,{L)^b*R%„{^'{L')){l). 

By [i 2.3.2.1], mrioi-^'iL')) depends only on = ^(L)\^^, . Our assertion follows. □ 

Deligne suggests to me the following more general Thom-Sebastiani problem. Let A be a noetherian 
torsion ring with the property m A — O for some integer m relatively prime to p. let S'!, 5*2, S' be 
henselian traits over Specfc of equal characteristic, all with residue field fc, let si, S2, s be their 
closed points, and let a : Si X/j S'2 ^ S' be a /c-morphism such that a(si,S2) = s and such that 
a(-, S2) : Si — > S and a(si, •) : S2 — > S are isomorphisms. For each i, let fi : Xi Si be a morphism 
of finite type, let Xi be a fc-rational point in the special fiber such that fi\xi-xi is smooth, and let 
Ki e oh D'^^ j: {X i, 'E /t"-) such that J^'^{Ki)\xi-xi are locally constant for all q. Let rji be the generic 
point of Si, and let ji : rji )■ Si be the canonical open immersion. Deligne makes the following 
conjecture. 

Conjecture 0.5. 

(i) Under the above conditions, ao (/1 x /2) is locally acyclic relative to Ki K2 outside {xi,X2), 
and hence the vanishing cycle R^XiXkX2 (^1 ^2) relative to the morphism ao (/1 x /2) is supported 
at {xi,X2)- (Confer 2.12] for the definition of local acyclicity.) 

(ii) There is a canonical isomorphism 

R^s,x,sJjv.{{R^xAKi)).,) ^'^32<{{R^xAK2))..)), , 
- (R^X,x,xAKi^'^K2))^ , 

where R^SiXkS2 vanishing cycle functor for the morphism a, and {R^XiiKi))xi (i ^ li2j are 

complexes of K-modules with Ga,l(fji/rji)-action and are regarded as objects in D'^^Jr]i,A). 
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Fix notation by the following commutative diagram: 

(/7^2) i /IX /2 i i/ /IX /2 

(5*1 Xfc 52)(si,s2) ~^ SlXkS2 
d \j a \. 

S 

where a notation like means the henselization of X at x, and a notation like / means the 

morphism on hensehzations induced by /. Let Pi : {Si Kj. S2)(si,s2) ~^ Si {i — 1,2) be the morphisni 
induced by the projection 5*1 Xj. S'2 — 5*^. We have a canonical morphism 

PlRfi.Ki ®^p;i?/2*i^2 ^ R{h^f2)Ml ^2), 

where we denote the restrictions of Ki Kl^ K2, Ki and K2 to (Xi Xfe X2)(a;j^j:2), "^1(2:1) ^2(2:2) 
respectively by the same notation. It induces a canonical morphism 

(2) m(Rh,{plR~h*Ki ®^P*2R~f2*K2)) ^ R'^(Rh,R{h^f2){Ki i^2 

Using the construction in the proof of Lemma 1.1 in §1, one can construct a canonical morphism 

R^(Ra,{plRh*Ki ®''p*2Rf2*K2 

(3) , . ■ . 
^ R<^(R~a,\pl3vm{Rh*Ki) P*2j2\RHRf2*K2, 

By Lemma 1.2 in §1, we have canonical isomorphisms 

R'^(Ra,R{h^f2){Ki K2 

(4) ^ 

R'^(Rh,{p\]vm{Rh*Ki) «.^ p*2j2iRHRf2*K2)) ^ 

5,x.52(jl!((^<I'x,(i^l)).J K^j2!((i?<I'X2(^2)).2)), 

\ / (si ,s 



,S2) 

If one can provc that the canonical morphisms (2) and (3) are isomorphisms, then taking the composite 
(j4l)o([2])o([3])^^o([5])^^, one should get the canonical isomorphism in the conjecture. Due to the use 
of the Fourier transformation, the method used in this paper is not applicable to the proof of the 
conjecture unless a is directly related to the addition of the algebraic group A^. 

1 Proof of Lemma 10.31 

We first prove Lemma 10.31 (i) and (iii) . 
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Proof of Lemma WM (i) and (iii). The fact that R'^n^t \Pij\{R'^Y{K)y) ®^ ^^{-Kt')j is supportcd at 
(s,oo') follows from [H 2.4.2.2]. By [8, 1.3.1.2], R<^^^,{^^{-Kt')) vanishes on S XkOo'. On the other 
hand, g x idpi ^ is smooth on {Y — {y}) Xk JP(oo')' ^^^^ J^^'^{K) are lisse on F — {y} for all q. By the 
smcoth base change theorem and the projection formula, we have 

R%^, (pT*lK {g X idpl^,^)*^^pO) \{Y-{y})x,oo' 

= (prt^)l(y-{y})x.oo' ®^ ((5 X idoo')*^*r,^,(^ApO))l(y-{y})x,oo' 
= 0. 

It follows that , (prlK {g x idpi )*^^{nt')) is supported at (y,oo'). This proves Lemma 

[n3i(i). 

Nota that the restriction of (Tri') to S Xk?]oo' is a lisse sheaf. So under the assumption of (iii), the 
restriction of pr*^®^ {g x idpi ^^)*^^(7ri')[n] to y Xfc 7700' is perverse. By J,, 4.5], R'^n^, (j>tIK 
{g X idpi ^ )* Jf^(7ri')^ [71] is perverse on Y Xfc 00'. Note that pr*A' ®^ (g x idpi ^ )*^^/,(7ri') vanishes 
on y Xfe 00'. So we have 

(pr^/C (g X idpi^,^)*if^(7ri')) = (pr^if 0^ (g x idpi^,^)*.if'0(7ri')) • 

Hence R^ri^, (j>rlK®^ {g x idpi )*.if^(7ri')^ [n] is a perverse sheaf on F XfeOo' supported at (y, 00'). 
Lemma ro. 31 (iii) then follows. □ 

Lemma 1.1. Let K be an object in 13^(5', Q^), let 

Pi:5xfcPj^,)->5, p2:5xfcPj^,)^P[^,) 

be the projections, and let j : rj ^ S be the canonical open immersion. We have a canonical isomor- 
phism 

where R^,^^, denotes the vanishing cycle functor with respect to the projection p2, i?<&,,(/^) denotes 
the vanishing cycle of K which is a complex of Gail{fi/rj)-modules and is regarded as an object on 

Proof. Let E' be a finite extension of Qf in Qg, let R be the integral closure of Zi in E, and let A be 
a uniformizer of R. It sufficcs to prove the same assertion for any complex K of sheavcs of R/{X™')- 
modules for any positive integer m. For any scheme X, denote by K{X, R/ {X"'-)) the triangulated 
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category of complexes of etale sheaves of i?/(A™)-modules on X with morphisms being homotopy 
classes of morphisms of complexes. Let S be the strict henselization of S' at a gcometric point s over 
s. Fix notation by the foUowing commutative diagram: 

f] A S ^ s 

■\r -l' -l' 

r] A S ^ s. 
For any complex K e oh K{S, i?/(A™)), we have 

RT{s,mr,{K)) = RT{s,i*Rj*]*{K\s)) 
^ T{s,i%~f{K\s)) 
= Kfj. 

So R^ri{K) corresponds to the complex Kfj of ii/(A™)-modules with Gal(77/?7)-action. Recall that 
R<^ri{K) is the mapping cone of the canonical morphism i*{K\g) — )■ R'i>,f{K). 

Lot / bc the incrtia subgroup of Gal(^/r;), that is, the kernel of the canonical epimorphism 
Gal(^/77) ^ Gal(s/s). The functor 

K ^ (i* K, j* K, i* K ^ i*j,j*K) 

defines an equivalence of categories from the category K{S, R/{X"^)) to the category of triples 

{F,G,F^G'), 

where F is a complex of i?/(A'")-modules with Gal(s/s)-action which can be identified with an object 
in K{s,R/{X^)), G is a complex of i?/(A'")-modules with Gal(^/?7)-action which can be identified 
with an object in K{r], R/ (A™)), and — >■ is a morphism in K{s, R/{\™')). Given an object K in 
K{S,R/{X^)), consider the triples 

K' = {Ks, Ks, K, 4 Ks), K = {K,, Kfj, K, ^ KI). 

Notc that the second object is exactly the triple associatcd to K and hence is denoted by K. The first 
object corresponds to a complex of constant sheaves on S'. We have a canonical morphism K' — >■ K. 
Let K" be the mapping cone of K' — >• K. Then the canonical morphism j\j*K" K" defines a 
quasi-isomorphism j\R^^{K) K". We thus have a distinguished triangle 

K' K ^jiR^riiK) 
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in the derived category D{S, R/ {X"'')). It gives rise to a distinguished triangle 
which can be identified with a distinguished triangle 

because ^^(jrt') vanishes on S' X/j oo'. Since K' corresponds to a complex of constant sheaves on S', 
we have 

R%^, (^pIK' E)^ ^^{nt')^ = O 

by [g 1.3.1.2]. We thus have 

R^n^, (pIK ®^ ^PO) = R^v^, {p*i{j'R%iK)) E)"- ^^Po) . 

□ 

Lemma 1.2. Let f : X ^ S a morphism, x a k-rational point in the special fiber f^^{s). X(^.j.-^ the 
henselization of X at x, fi^^) : ^(k) ~^ 5" ihe morphism induced by f, and K G obZ)^(X, Q^). Then 
we have a canonical isomorphism 

Proof. Let (resp. S) be the strict hensehzation of X (resp. S) at a geometric point x (resp. s) 
over a; (resp. s). Since x is a fc-rational point, we have ^(s) = ^(k) Xs S. Let /(j) : -'^(s) ^> S be the 
morphism induced by /. It can be identified with the base change of f(^x) '■ -^(x) ^ S. Fix notation 
by the following commutative diagram: 

f(x),fj \- -l' f(x:) -l' f(x:),s 

ry — > S f- s. 

For convenience, dcnote the restrictions of K to and x gfj also by K . Then R^{Rf(x)*K) 

is the mapping cone of the canonical morphism 

i*Rfi^s=),K i*Rj,J*Rfi^s)*K. 
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We have 

- i?r(X(s),if), 

RT{sJ*Rj,~fRf^^^,K) = RT{S,R%rRf^^^,K) 

^ RT{nJ*RIi^y.K) 
= RT{riRft^s),fj*K) 
^ RT{X(^)Xgfi,K). 

It foUows that R^(Rf(^^^^,K) can be identified with the mapping cone of the canonical morphism 

i?r(X(^),i^)^i?r(X(s) Xgfj,K). 

The later is exactly {R^(K))^. □ 



Under the assumption of Lemma 10.31 let Y^y-j be the henselization of Y at y, and let gjj,) : Y(j,) — > 5* 
be the morphism induced by g. Fix notation by the foUowing commutative diagram: 

P^Ky) i Pl i i 

Y(^y) s Specfc. 

Denote the restrietion of K to Y(y) also by K. We have canonical morphisms 

R^r,^, {plRgiy).K 0^ ^;p0) 
= i?^'^^, X idpi ^^),pr^^jii' (g)^ ^^(7rt')^ (smooth base change theorem) 

= i?*!»^^, ( X idpi ^ ), (prw Nii' ®^ (^(j,) X idpi ^ )*^^i,(7rt')) j (projection formula) 

\ (oo ) ^ ' (do ) / 



Since p\Rg(y)^K ®^ ^^{irt') and pr^^^if <Si {g(y) x idpi ^^)*^^(7rt') vanish on the fibers over oo' , 
their vanishing cycle and nearby cycle coincides. So the composite of the above canonical morphisms 
can be identified with a canonical morphism 

(plRgi^y),K 0^ JfVK)) ^ 

Applying Lemma ll.ll to the complex Rg^y)^,K on S', we get a canonical isomorphism 

R^n^, (plRg(yyK ®^ if^(7rf)) ^ (p^ {]^m{Rg(y),K)) ®^ ^^nt')^ . 
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By Leinnia ll.21 we have 

We thus get a canonical morphism 



By Lemma 10.31 (i) that we have shown at the beginning of this section, this gives rise to a canonical 
morphism 

v / (s.oo') V ) / (y,oo) 

Under the assumption of Lemma 10.31 (iii) , taking the n-th cohomology on both sides and using the 
deflnition of ) in [8^ 2.4.2.3], we get a canonical morphism 

^(o.oo') ) ^ ^ ^ (pr*x (5 X idpi 

Lemma 1.3. Let f : X ^ S be a proper morphism, and let K G ob£'^(X, ((J^). Suppose f is smooth 
at points in f^^{s) — A for a finite suhset A of k-rational points in f^^{s) and J^f"'{K)\x-A lisse 
for all q. Then for all x E A, the canonical morphisms 



JpI{MR<^x{K)),) ^ ->i?<i>„^,(prtif®^ (/ X idpi r^^nt')) 



{s,oo') \ (=° ) / (2;,oo) 

constructed above are isomorphisms, where : X y.^ ^\oo') ^ X is the projection. Suppose further- 
more that K is a lisse sheaf and X is regular pure of dimension n. Then the canonical morphisms 



^(o,oo') ^ ^ U* K ®^ (/ X idpi , r^^int')) 

\ / \ (°° > / (a;,oo') 

are isomorphisms for all x £ A. 



Proof. The second statement follows from the first one. To prove the first statement, it sufficcs to 
prove the above canonical morphisms induce an isomorphism 

m.,^, (pl (j! {mx {K}),) ®^ {nt')) ^0i?$,^,(prtX®^(/xidpi r^pO), • 
Fix notation by the following commutative diagram 



J — jpj. 



/ X idpi 

(oo') ^ ^ ^ li ^ (oo') ^ ^ (oo') 

pri 4- Pl 4- i 

X ^ S' ^ Specfc. 
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We have canonical isomorphisms 



i?^^^, f X idpi ^)*prJ/'Sr(g) ^^{-Kt')\ (proper base change theorem) 



, (Rif X idpi )*(prjiir (g)^ (/ X idpi )*^^(7rt')) ) (projection formula) 
X idoo')*-^^»? / (pi'i-^'^ (/ X idpi )*^^(7rt')) (proper base change theorem) 



Since p\Rf^,K (g)-^ Jf^(7rt') and pr|/-ir ®^ (/ x idpi )*^^{'Kt') vanish on the fibers over oo' , their 

(oo') 

vanishing cycle and nearby cycle coincide. So the stalk at (s, oo') of the composite of the above 
canonical isomorphisms can be identified with 

R%^, (p\Rf,K®^^4^) - (R{f X idoo')*-R*^„, (w*iK ®^ (/ X idpi , y^^nt'))) 

\ / (s.oo') \ v (oo ) / / (s,oo') 

Applying Lemma Fl.lI to the complex Rf^,K on S', we get 



So we get a canonical isomorphism 

(6) ('5.°°') 

^ X id^O*^*-,^- fprJ-^ ®^ (/ X idpi , y^4^)) 

V v {oo ) / / (s,oo') 

By the proper base change theorem and lemma lO-H we have 

R^{RUK) = Rfs.{R^x{K)) 
- 0(i?$^(i^)),. 

By Lemma 10.31 (i) that we have shown at the beginning of this section, we have 



So we can write the isomorphism (|6]) as 



X id^O*^*-,^, [wlK ®^ (/ X idpi^^^)*JfV(^^': 
i?*,^, (pr^if ®^ (/ X idpi^,^)*if^(7rf)) 



(s,oo') 



(x,oo') 



W). ®^ if^(^t') 

(prji^ ®^ (/ X idpi^,^)*^^(7rt')) 



(s,oo') 

(2:,oo') 
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This last isomorphism coincides with the morphism induced by the canonical morphisms 

\ / (s,oo') v Coo ) / (a:,oo') 

It foUows that these canonical morphisms are isomorphisms. □ 

We are now ready to prove Lemma 10.31 (ii) and (iv) . 
Proof of Lemma \O.S\ (ii) and (iv). The canonical morphism 

\ / (s,oo') \ (^0 / (y,oo) 

commutes with the base change on the trait 5. Using [4j 3.7], we can reduce to the case where k is 
algebraically closed and 5 = Spccfc[[7r]]. The problem is local at y with respect to the etale topology. 
By [Hl 2.5], we may assume that Y is an open subscheme of a scheme X, g : Y S can be extended to 
a proper morphism f : X ^ S which is smooth at points in /^^(0) — A for a finite subset A of closed 
points in /^^(0), y ^ A, (and any a: G A — {y} is an ordinary quadratic singular point of /^^(0), a 
condition that we will not use). Our assertion then foUows from Lemma [1.31 □ 
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